Introduction
Barrier options are derivative securities with values contingent on the relationship between the value of the underlying asset and one or more barrier levels. In this paper, we consider the pricing of barrier options which are monitored at particular points over the life of the contract, also known as discrete barrier options. These types of exotic options have become a prominent feature of modern financial markets with many variations heavily traded in the foreign exchange, equity and fixed income markets. The emergence of such securities has also provided challenging research problems in the area of efficient pricing and hedging of such securities. Most pricing models (Merton, 1973; Rubinstein and Reiner, 1991; Heynen and Kat, 1996) consider barrier options whose bar-rier level is continuously monitored at every instant in time over the life of the option, allowing the derivation of closed form solutions. However most traded barrier options are monitored discretely, rather than on a continuous basis. The application of the solutions derived assuming continuous monitoring to the pricing of discretely monitored barrier options results in substantial pricing errors (Chance, 1994; Kat, 1995; Levy and Mantion, 1997) . Hence, a method is needed to accurately and efficiently evaluate discretely monitored barrier options. Traditional lattice and Monte Carlo methods have difficulties in incorporating discrete monitoring principally because of the misalignment of the monitoring points.
Several papers have appeared in the literature proposing various methods to handle discrete monitoring. Variations to the traditional binomial and trinomial methods were proposed by Figlewski and Gao (1997), Tian (1996) and Boyle and Tian (1997) . These include Broadie et al. (1997b) who propose a method based on the price of a continuous barrier options with a continuity correction for discrete monitoring. Broadie et al. (1997a) incorporate the correction term in developing a lattice method for determining accurate prices of discrete and continuous path-dependent options. As far as the pricing of discretely monitored barrier options is concerned, Wei (1998) proposes an interpolation method whereas Sullivan (2000) proposes a method that reduces the discrete time multidimensional integration required to a sequential numerical integration.
In this paper we examine a potentially powerful alternative to existing pricing methods. Using knowledge of the conditional transition density function we repeatedly apply the Chapman-Kolmogorov equation to relate the pricing function at successive monitoring points. We then expand the pricing function in a Fourier-Hermite series in terms of the price of the underlying asset. We derive recurrence relations involving orthogonal polynomials under a given measure. The proposed method works well for various discrete barrier structures, including single and double barriers, constant and time varying barrier levels, and for a number of payoff structures such as vanillas, digital and powers. The method can be made arbitrarily accurate by taking a sufficient number of terms in the expansion.
The techniques used extend the work of Chiarella et al. (1999) where Fourier-Hermite series expansions were applied to the valuation of European and American options. The novel aspect of our contribution is the expansion of the derivative security price at each time step in a Fourier-Hermite series expansion so that it is obtained as a continuous and differentiable function of the price of the underlying asset. The actual implementation of our method then becomes a question of determining the coefficients of the Fourier-Hermite series expansion at each time step. Using the orthogonalisation condition, it turns out that these can be generated recursively by working backwards from one time step to the next, by use of the recurrence relations which generate the Hermite polynomials. The implementation of these recurrence relations is in fact very efficient. Here we apply the method to pricing discretely monitored
